Acta Cryst. (1976). A32, 631

631

The Influence of the Primary Beam Shape on the Extinction Correction
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On the basis of the solutions of Darwin’s energy-transfer equations the influence of the line profile of
the primary beam on the extinction of X-ray and neutron intensities has been studied. Numerical
calculations for the plane parallel plate, a wedge and a spherical sample were performed. The plane
parallel plate is not affected by the primary beam. For the wedge only small influences were found
(up to 12%). Spherically shaped crystals were investigated with a constant, a sawtooth-shaped and a
J-function-shaped primary beam. The influence of the primary beam increases with the variable or,.
General formulae for arbitrary shapes of crystals and primary beams are given which may be used for

specific experiments.

Introduction

In order to correct X-ray and neutron intensities for
extinction effects a theory based on the solutions of
Darwin’s energy-transfer equations was accomplished
by Zachariasen (1967) and generalized by Becker &
Coppens (1974, 1975). However, in both treatments the
line shape of the primary beam was not taken into
consideration. In their solutions of Darwin’s equations
the primary intensity appears only as a constant factor.
As this is only true for crystals which are very small
compared to the width of the primary beam and for
which the intensity is constant over this range the
present treatment investigates how far the line profile
of the primary beam influences the results obtained
with the theories by Zachariasen (1967) and Becker
& Coppens (1974, 1975).

Solutions of the transfer equations

In order to solve Darwin’s transfer equations, the
following coordinate system /,/ is introduced (Fig. 1):
Axis [ points in the direction of the primary beam
while axis / points in the direction of the scattered
intensity. / and / make an angle of 26. The origin of the
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Fig. 1. Definition of the coordinate system 1,7:

system is chosen in such a way that the maximum of the
primary beam meets the crystal in the origin. The
intensity field in the / direction is called J(/,/) and the
one in the / direction is called R(/,/). In order to
simplify the calculations the absorption in the crystal
was neglected. An intioduction of absorption can be
easily done.

In this approximation the transfer equations become:

JdR

—aT =—0'(R—'I) (la)
ol

— =—0(I—-R). (15
o7 o(I-R)

o is the diffracting cross section per unit volume and
unit intensity defined by Zachariasen (1967) and
Becker & Coppens (1974).

R and I can be written as a sum of multiple scattering
terms:

R= >R, and I=>1,.
n=1 n=0

For the R field the numbers » have the following
meaning: n=1: onefold scattering, n=2: threefold
scattering, etc. For the I field the following definitions
were used: n=0: zerofold scattering, n=1: twofold
scattering, etc. Equations (1a4) and (1) can be solved
by using R, and 7, rather than the functions R and /.
The following results weie obtained:

! , o
USI,= oy 051y exp [—o(I—11d!

_ for 19D <1< 1%(])
Rash = aSj(_i)l 0D exp {=ofldd) =Tl
’ for 191y <I
0 otherwise;
(2a)
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R(LT"yexp [—o(-1)dl’

‘aSi
I'=1M
¢ for 19N <1<IYT)

BED=1 (D R exp (—otltD-ITjdl

F=hD for 19 <1
0 otherwise;
(20)
P() for I<I%0)
P(l) exp {—a[l-I%AN)]}
I1(,h= for 1% <I<IY()
P(l) exp {—olI%)- 13O}
for I>1%I) . (20)

The quantities /%7), I%]), 19(7) and [Y1) are the coor-
dinates of points on the surface of the sample as
illustrated in Fig. 1. P(J) is the intensity profile of the
primary beam before it enters the crystal. A generaliza-
tion for crystals with absorption is obvious and need
not be considered here.

Obviously, equation (2) can be solved simultaneously
once the shape of the crystal, ie. the coordinates

9,19, 19 and 19, is known. It can be seen that the
function R must depend on the shape of the crystal
and on the shape of the primary beam. In order to
investigate their influence on the extinction coefficient,
the function ¢(c) which was introduced by Zachariasen
(1967) is investigated with regard to the various shapes
of crystals and the primary beam.

In order to account for the dimension of the primary
beam perpendicular to /,/, a new axis z was introduced
which is perpendicular to /,/.

Through the scattering power of the diffracted beam
for multiple scattering

0e) = S S RIS(7), Iidldz sin 26 (3a)
and for kinematical scattering
Oule) = aS S Sj =(11)< ) POddldz sin 20
=oS S PO) I3 —T3()dldz sin 20,  (3b)
the function (o) is defined as:
9(0)=0Q(e1)[ Quley) . (30

The integrations with respect to /, [ and z must be
performed over the maximal dimension of the crystal.
Although equations (2¢-c) are general, it is not
possible to give general solutions for arbitrary shapes
of crystals and primary beams. The purpose of the
present representation is to show how far the primary
beam can affect the results obtained with a constant

primary beam. Therefore only two examples will be
discussed in the following: wedge-shaped crystals
(including plane parallel plate), and spherically shaped
crystals.

Wedge-shaped crystals (symmetrical Bragg case)

For the symmetrical Bragg case the following condi-
tion between the angles # and « must hold: >«
(Fig. 2). The surface functions /° and /° become:

°W)=1 13()=A4l+B
W)=A'l+B ah=I )

A'=1/4 B'=I° B=—Al,

with

A=(sin §+tan a cos 8)/(sin #—tan o cos §)
I<4A<co.

For A=1 the case of the plane parallel plate of
thickness /, is obtained while for 4 =co the scattered
beam is parallel to the far side of the wedge, i.e.
0=a. Up to second-order effects, i.e. threefold scat-
tering, equations (2) have been solved:

With

Q= SS R[13(D),Nd! sin 26dz

o i o}
—exp [—20 (II_TA I- 5)]} disin20dz  (5a)
and
o
[51 A1 op A—“-Jrﬁil]

A-, 0
44 47 4 T8
A

2 — 42
—%exp[~20(l 4 I—BA“I—1

g : )]} d/ sin 26dz

(5b)
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Fig. 2. Geometry of the wedge-shaped crystal.
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and

0= SS P() [(4'= DI+ BdIsin 20dz.  (5¢)

With ¢,=0,/Q; the following expressions for ¢ are

obtained:

1. P(l,2)= {

-
1= a1,

Py |l|<c
otherwise

e=1/(1—1/4)

1
mexp (=201,
1—4 1—4

Y )/2" 4

1 a1
2= 8cl,

x sinh (

1
a4 cexp (—2aly)
1—

—A4 A
y c)/Za Y, c

(_A+1 _A+1 Az—l)
8al, 4 8al,

1—-A)
1 C

exp [—2al,(4+ 1)/ A]

c) 20

X cosh (20

X exp [—2010] sinh (20

A2
8ol
— A2
AZ

1—A42
W

X sinh (20 c.

2. P(l,2)=Py0(1)d(2)
1 —exp (—20l,)

or=- 20l
1 A*—1 A+1

2= Bal, +(8010 T2 )exp(_2“l°)
AZ
81 exp [—20l(A+1)/A4].

In order to compare the different cases, the limits
A=1 (plane parallel plate) and 4=o0c0 were inves-
tigated.

A=1: plane parallel plate

The influence of the primary beam cancels, i.e. for
all different shapes the known result of Zachariasen
(1967) is obtained:

_ 1—exp (—20ly)
o= 201,

—%exp (—20l)— exp (—40ly)

1
2= 8aly

1
1+o0l,

A=o00.

(p:
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Fig. 3. 1/p plotted as a function of g/, for a wedge-shaped
crystal ® A=oo, primary beam constant. X A=oco,
primary beam qunctlon A A=1, plane parallel plate
arbitrary primary beam.

The shape of the primary beam becomes important:

_J P <k
(@) P_{ 0 otherwise
1 1 1
1= Sl T 8ok T 8ol P (—40h)
_ 1 L 3
2= 8ol, ~ 33(aly)?
1 3
() P=Pod()3(z)
1 1
(01 = 26.10 - 20,10 exp (_20.10)

1 oly
o=y~ (b

In Fig. 3 the function 1/¢ is plotted as a function of
lyo. The deviations are not serious. They are of the
order of 12% for lyo=1 and 2% for [,c=10 in the
case A=oco. The plane parallel plate is unaffected by
the primary beam and is therefore the most simple case
with respect to extinction,

1
+3 l)exp( 20l;) .
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Spherical crystals

The calculations for spherical crystals become rather
involved. Therefore only two limiting cases have been
investigated, i.e. 20=0 and 20=n. These two cases
can be solved analytically and were therefore used to
demonstrate the influence of the primary beam. For
the two cases the coordinate system (/,/) introduced
above is ill-defined. Therefore, a Cartesian system has
been introduced, i.e. (x,y,2).

x points in the direction of the primary beam and
passes through the centre of the sphere. The origin of
the system lies on the surface of the sphere. The
following expressions for the scattered intensities are

obtained:
P(y,2) exp [—20(r§—y*—2%)"]
x sinh [2a(r3— y?—z%)"/?] for 20=0;

ro is the radius of the sphere.

The shape of the primary beam has been assumed
to be a sawtooth in the y direction and to be constant
in the z direction in the first case, and a J-function in
the y and z directions in the second case:

20(r3—y*—z%)"?

O POa)=P, (% . riolyl) P,
@ P(r.2)=Pd(3)6)=Ps.

The case (1) contains the case of a constant beam if
P, =0. The following results for the functions ¢ were
obtained:

20=0

1
0= = 33(Py/ Py + 1) [8(orp)?

O G PP D B

+4or, exp (—4ory) — 1 +exp (—4ory)]

1
— 2 oyt % (or0)? S z(1—2%)"*
T T 0

x exp(—4aroz)dz} for P=P;

and
9'= exp (—2a71) Mﬁ for P=P;;
2071,
20=x
T 1 2
= TP {3[P0/P1+ 1] [(o7o)

— ory+1 1n (14 207g)] — 2—;: (oro)®

) 2YT=7
dz

o 14201,z } for P=P,

and

= — P=P;.
¢ 142071, for o

The results are plotted in Fig. 4.

Conclusion

It has been shown that the solutions of Darwin’s
energy-transfer equations must contain the shape
function of the primary beam. Consequently, in an
extinction theory which takes these solutions as basis
this effect must be taken into account. The theory of
Zachariasen (1967) and of Becker & Coppens (1974)
considers only a special case, i.e. a constant primary
beam over the whole entrance surface of the crystal,
which may be sufficient for very small samples, i.e.
very small compared to the width of the primary
beam and for crystals shaped as plane parallel plates.
The presentation given above accounts for this addi-
tional effect in a general form. The solutions of the
transfer equations given as integral equations contain
the shape of the primary beam. Obviously, the special
case of Zachariasen’s and Becker & Coppens’s treat-
ment is included in the present representation. In the
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Fig. 4. Spherical crystal (1/¢ plotted against org). 1: 20=0,
P=Ps. 2: 20=0, P=Ps, Po/P1=0. 3: 20=0, P=P,, Po/P]_:
oo, 4: 20=m, P=P;s, 5: 20=n, P=P,, Po/P,=0. 6: 20=m,
P=Pg, Py/Py=oc0.
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case of a wedge-shaped crystal the new correction is
very small [up to 12% for the function ¢(g)] and is
zero for the plane parallel plate. For spherical crystals
the influence of the primary beam is more serious. If
ar, becomes large compared to 1 the deviation from a
crystal bathed in a constant beam increases. This case
becomes important for small scattering angles and
large crystals, i.e. when extinction effects become
large. Under these circumstances, corrections for
primary beam shapes might not be negligible.

In any case, before applying the uncorrected theory
it is recommended that each specific experiment should
be carefully in vestigated in order to establish whether

Acta Cryst. (1976). A32, 635

635

a treatment for the primary beam is necessary. With
the use of high-speed computers this can be done for
arbitrarily shaped crystals and primary beams by
using equations (2a—c).
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This article re-analyses the extinction problem in diffraction. It has been proved that Hamilton’s
equations are valid only for mosaic crystals, type I. The solution of these equations has been found for

any shape of crystal using general initial conditions.

Introduction

The extinction problem received considerable attention
once it was found necessary to make corrections for
extinction, when determining crystallographic struc-
tures. Later, the necessity of using monochromatic
crystals more efficiently led to the same problem.

~ For an ideal crystal, the extinction factor is deter-
mined from the dynamic theory, but in practice its
formula has been computed only for an infinite, plane
parallel crystal plate (see Zachariasen, 1945). For a
real crystal, however, Darwin’s equations formulated
for an infinite plane parallel plate, were generalized by
Hamilton (1957) for a crystal of arbitrary shape and
these were solved numerically by him. Werner & Ar-
rott (1965) arranged Hamilton’s equations into an inte-
gral form and solved them by successive approxima-
tions. This, in practice, is a tedious method which re-
quires much calculation. But, as will be indicated
below, there are regions in the crystal where it is pos-
sible to obtain a direct solution of Hamilton’s equa-
tions by solving two initial-value problems. It should
be mentioned that Werner, Arrott, King & Kendrick
(1966) have proposed another method for solving
Hamilton’s equations for both finite and infinite plane
parallel crystal plates. This method involves the expan-
sion of the incident and diffracted intensities, in terms
of modified Bessel functions. This method is not gen-
eral because, when another crystal shape is considered,

another set of functions must be found from which the
expansion may be performed.

Zachariasen (1967) has suggested a general extinction
theory. Several authors have carried out a number of
experimental tests and no experimental agreement has
been found for Zachariasen’s theory for strong extinc-
tion. It has been concluded that some approximations
used by Zachariasen are not valid (see Cooper &
Rouse, 1970). Werner (1969) also found fault with this
theory. One criticism is that Hamilton’s equations do
not hold good for a perfect crystal. Zachariasen wrote
Hamilton’s.equations using variables ¢, and ¢, to rep-
resent the depths below the surface measured along the
two propagation directions. But for these variables the
form of the equations is not always preserved. A new
term appears, which contains the derivative of the
function describing the boundary. This term disappears
only if the crystal takes the form of a parallelepiped
whose edges are oriented in the two propagation direc-
tions. Therefore, Zachariasen’s theory is valid in this
case only.

Consequently, it is necessary to reconsider the ex-
tinction problem. §1 of this article is devoted to a
general discussion of the transport equations for
Bragg diffraction. It will be demonstrated that the
Hamilton equations are valid for type I mosaic crystals
only. In the §2, these equations are solved for a crystal
of any shape. An application of the formulae derived
in §2 is given in §3.



